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generalization of the factorial function to which it  
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 Using result (2) we may now obtain all 

other positive half-integral values from the 

recurrence relation (*)  
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The recurrence relation (*) is also 

useful in definition the        -function 

for negative values of      for re-writing  

(*) as: 
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It is important to emphasize that the values of    

 for negative values of        are not given by the                                     

integral form  (1(                                but by the recurrence relation                             (3(                                                                                                                                             



The graph of         for positive and negative 

values of     is shown below:  
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Function:-Alternative Forms of Gamma 

  

    

               

     

This form is valid for positive and negative     and         
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Homework 
                                       

    

 1) If     951.01.1  find     9.31.4  and
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3) Evaluate  





1

2 2

dxe 

 
1

1

3
2 1ln dx

x


4)Evaluate  



0

24 3

dtet t

    

5) Evaluate     
 






0

5

2

1
du

u

u
Hint  












u

u
v

1



Let  

      

  

    

               

     

       

     Answer 
                                       

    

   5)Let   
u

u
v




1  2
1

1

udu

dv




 
du

u
dv

2
1

1




 



0

2 .1 dvvv

sin
2

v  ddv cossin2

   
   
   






2

0

2

0

3524

12

1

5

23
2,3cossin2cossinsin1sin2

 

 dd



..   

      

  

    

               

     

       

     

 

                                       

    

Function-):The Beta2( 
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We define the Beta –Function    qp,

 by the integral: 
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An alternative form of the Beta-Function , obtained  

from (1) by putting   2sin   is:  
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Relation of Beta-Function to Gamma-Function 
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(3):The Error-Function    
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The error function erfx is defined as  
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The graph of the error function is as shown below 
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Solution of ordinary Differential Equations 

2nd order     
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Power Series 
Suppose t is independent variable,  to some  

particular value of t . then:  
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Partial sum.  
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When the series does not tend to a definite limit  

then the series is divergent.  

  

For some positive numbers R: 

Series converges  t such that  Rtt  0

Diverges   t  such that  Rtt  0

R is called the interval or radius of convergence. 
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A function can be written in terms of power series      
:tfor certain ranges if value of           

               

     

       

     

The series converges if  
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and if it is possible to write   tf in power series  
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(i) Find the value of t at which f goes wrong  

i.e. /  f is infinite.  

(ii)For general several such values, usually complex  
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Suppose we want to find the solution of equation   

    0
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in terms of power series: 

Case (1): 

Both   tp and   tq  have convergent Taylor  
expansion centered at  0tt 

(both are analytic at  0tt  ). 

The general solution of the equation can be written as: 
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Case (2): 
                                       

    

 tp or   tq

   

[or both] are not analytic at  0tt 

it is not possible to write the general solution but if  

Then   0tt   is known as singular point of the equation and  
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Then   0tt   is regular singular point of the differential  
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Where C – constant and where  
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To find solution, power series centered about  0t
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Where   tg  is Bessel’s function of order zero . 
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may be solved by applying the Frobenius method.  

      

  

    

               

     

       

     

 

                                       

    

Legendre’s Equation 

The equation      0121
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Where  0a and  1a  are arbitrary constants. 

When  n  where n is an integer, either one or the other  

of these two series terminates  

 xz1 or   xz2i.e. / 
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e.g  /  
if  2 then all terms in  

 xz1
 beyond  

2x are zero . 

Similarly if  3  all terms in   xz2 beyond  
3x  are zero.  

The resulting polynomials in x denoted by   xpn are called  

legendre polynomials( 0a and  1a being chosen so that  

each polynomial  has the value unity when        ) 1x

  

the first  few of these polynomials are:  
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Non-terminating series is of no interest here. 
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A straight forward rewriting by means of factorials enables 

 us to express the solution (1) in the form  
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If  ,......4,2,0 the first series becomes a polynomial . 

We  shall introduce the new summation index  
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and  write this solution as  
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If on the other hand  ,......5,3,1 it is the second series  

concerns us.  
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In this series we define  
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It is now clear that for any nonnegative integer   even or  

odd, the polynomial  
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is a solution of legendre’s equation. 
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     Rodrigues formula 
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Example: 

Evaluate    0621
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The solution is  
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But the general solution is  
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From table  
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Note: 

That in the above form  cosx

   1cos3
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1
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2  p and so on.  
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Hermite-Functions  
We shall outline some of the important formulas for two  

more sets of named functions. Both Hermit and laguerre  

functions are of interest in quantum mechanics where they  

arise as solutions of eigen value problems. We shall also  

consider an operator method which can be used as an  

alternative to series of some differential equations.  

Hermite function: 

The differential equation for Hermite function is  

   1.....,.........3,2,1,0,122  nynyxy nnn
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This equation can be solved by power series but here we  

shall consider an operator method which is particularly  

efficient for this equation.  

Let us use the operator D to mean  .
dx

d

Then: 
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Using (2) and (3) respectively we can write (1) in two  

ways:  
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Now let us operate on (4) with   xD  and on (5) with  

 xD  and change n to m for later convenience .             
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Comparing (4) and (7) if    mn yxDy 

   

and  

1mn the equation are identical we write  

   8............1 mm yxDy 

and we see that given a solution  my of (1) for one value of  

n, namely n = m we can find a solution for  1mn  by  

applying the raising operator   xD 

     

to  my

 Similarly  from (5) and (6) we find that  
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We may call   xD     a  “ lowering operator ” these operators  

are called creation and annihilation operators in quantum  

theory. Operators of this kind are called ladder operators.  

i.e.  /   enable us to go up and down in a set of functions.  

Now if n = 0 we find a solution of (4) and therefore of (1)  

by requiring    00  yxD
   

We solve this equation to get   
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Then by (8)  
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These are the Hermite-Functions, they can be written in  

the simpler form:  
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If we multiply (10) by    2

2
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polynomials may be called a Rodrigues formula for them  
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The Hermite polynomials satisfy the differential equation 

022  nyyxy

Example: 

Solve the differential equation  0202  yyxy

   

Solution: 
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Using the differential equation, we can prove that the  

Hermite polynomials are orthogonal on    , with  

respect to the weight function  
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integral can be evaluated thus we have  
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The generating function for the Hermite polynomials is 
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relations for the Hermite polynomials two useful relations  
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Solve     

Solution: 
                 

The solution is  
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Laguerre Polynomials 

The laguerre polynomials may be defined by a Rodrigues  

formula:  
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Carrying out the differentiation using Leibniz Rule we  
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The symbol  
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n is a binomial coefficient  
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From (2) we find that  
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The Laguerre polynomials are solutions of the  

differential equation:   
 xLy
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called Laguerre Equation. 
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Using the differential equation we can prove that 

the laguerre polynomials are orthogonal on   ,0  with  

respect to the weight function  
xe  .In fact we find that  

with definition (1) the functions   xLe n
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orthonormal set on   ,0
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Using it, we can derive recursion relations   

Some examples are: 
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associated Laguerre polynomials they may be found by  

differentiating (1),(2) or  .*  
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Associated Laguerre polynomials. 

By differentiating the Laguerre equation we find the  

differential equation satisfied by the polynomials   xLk
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Note in this form K does not have to be an integer. 
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Notice: 
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Using the series solution (Frobinous) 
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Solution: 
                             The solution is      
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Calculation of coefficients 0a ,  na and      :  nb
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For the expanssion of     1: equxF the parameters are  

given by:  
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This can be applied to discontinuous functions with the  

condition that        
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For the expanssion 
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Condition for Fourier Expanssions for  xF

 xF1)        must be single valued except at a finite number of 

discontinuities.  

2)   xF is periodic out side    2, 

   

with period  2

 .  

 xF3)           and  
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Derivatives of Fourier series: 

Example: 
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Which doesn’t make sense.  
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We check that work by applying it to: 
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Fourier Series Expanssions of even or odd 

Functions in    x

Even function        xfxf 

Odd function         xfxf 

   





1

0 sincos
2

1

n

nn nxbnxaaxf

      











0

0

0 dxxfdxxfdxxfa

     



 0

0

dxxfdyyf

     




0

0 dxxfxfa



..   

      

  

    

               

     

       

     

 

                                       

    

 








 dxxfnxan cos

        




 0

00

coscoscos dxxfnxdyyfnydxxfnx

     




0

cos dxxfxfnxan

 








 dxxfnxbn sin

        




 0

00

sinsinsin dxxfnxdyyfnydxxfnx



..   

      

  

    

               

     

       

     

 

                                       

    

     




0

sin dxxfxfnxbn

i) If   xf even function            i.e.  /      xfxf 

Then  

 




0

0 2 dxxfa
              

 




0

cos2 dxxfnxan

             

0nb



..   

      

  

    

               

     

       

     

 

                                       

    

i.e. /    





1

0 cos
2

1

n

n nxaaxf

ii) If   xf  odd function         i.e.  /     xfxf 

Then       000  naa

 




0

sin2 dxxfnxbn

i.e. /  

  





1

sin
n

n nxbxf



..   

      

  

    

               

     

       

     

 

                                       

    

Example: 
               Find the Fourier series 
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Fourier’s Expanssions in Range   x0

  

These are of the alternative types  
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Fourier’s Expanssions in Range    x
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Fourier’s Expansion in Range   ,0

Either: 
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4Example: 
                 Periodic square wave                                
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Partial Differential Equations 

Introduction: 

Any equation containing partial differential  

coefficients is called a partial differential equation. The  

order of the equation being equal to the order of the  

highest partial differential coefficient occurring in it.  

e.g. /    
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Where   yxf ,  is an arbitrary function are typical partial  

differential equations of the 1st and 2nd orders respectively  

x and y being independent variables and u the function to  

be found, and both are linear.  

A typical non-linear equation in two independent  

variables is 
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The general solution of an ordinary differential equation  

contains arbitrary constants. The general solution of a  

partial differential equation, however usually contains  

arbitrary functions.  

Let us consider       1.............xfyu 

   
Where   xf  is an arbitrary function of x then  
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Eliminating   xf we obtain 1st order P.D.E. 
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  Any function u of the type given by (1) is a solution     

of (3) 

Similarly if  
                      yxgyxfu 

        *  

Where     yxgyxf  ,  are arbitrary functions of  
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Second Order Constant Coefficient Equations 

Any equation of the type  
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Where a,h,b,f,g and c are constants, is a linear 2nd order  

constant coefficient P.D.E. in two variables( x and y) by  

comparison with the equation of the general conic  

 10...........0222 22  cgyfxbyhxyax

We say that (9) is of  
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May be obtained from (9) by putting 
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(Where k is a real constant) may obtained from (9) by  

putting  0,,1 2  cgfhkba
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 the equation is of hyperbolic type. 
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is of parabolic type since  0,1  bha
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Where a,h and b are constants. Is a special case of (9)  

 0 cgf  known as Euler’s equation. 

The general solution of this equation obtained as follows: 
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Where  sandrqp ,,   are arbitrary constants, then 
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Substituting in equ(11) we get  
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Finally the nature of the roots                           depends on  

Since  yXxyXx 21 ,    the general solution         

of (11) is   

                 
   yXxGyXxFu 21 

(Provided (11) is not of parabolic type(.  
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whether the equ(11) is of hyperbolic or elliptic type for  
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The solution is therefore  
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