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Function-):The Gamma1( 



 By:          
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generalization of the factorial function to which it  

!)1( nn   Integer.              (Important) 

Function may therefore be thought of as a- The         

reduces when   .is position integer                  .   
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obtained directly from the definition .  
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 Using result (2) we may now obtain all 

other positive half-integral values from the 

recurrence relation (*)  
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The recurrence relation (*) is also 

useful in definition the        -function 

for negative values of      for re-writing  

(*) as: 
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It is important to emphasize that the values of    

 for negative values of        are not given by the                                     

integral form  (1(                                but by the recurrence relation                             (3(                                                                                                                                             



The graph of         for positive and negative 

values of     is shown below:  
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     Solution::   

       

    

               

Example (1):  

Evaluate                                                       5

  !1 nn    241*2*3*4!45 

Example (2): 

                      Evaluate      5.3

Solution :  

     11  

            88623.05.15.25.15.15.25.25.25.3 

 5.1      where                                 can be found from Gamma tables .  
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from tables: 

    

               

     

       

Example(3):  
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 then: 10.1 (2d.p.)  
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             Example (4):  

                                    Evaluate:  
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t
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Example (5): 

 

 
 

                If                                             

Evaluate  I. 

Solution:  
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Example (6):                                       
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Function:-Alternative Forms of Gamma 

  

    

               

     

This form is valid for positive and negative     and         
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2-An alternative definition of    due to Euler is 
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shows clearly the singularities of    at 
   

,.......2,1,0 

and so on . 
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Homework 
                                       

    

 1) If     951.01.1  find     9.31.4  and

2) Evaluate    

3) Evaluate  


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
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4)Evaluate  
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5) Evaluate     
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     Answer 
                                       

    

   5)Let   
u

u
v




1  2
1

1

udu

dv




 
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u
dv

2
1

1




 



0

2 .1 dvvv

sin
2

v  ddv cossin2

   
   
   





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Function-):The Beta2( 
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We define the Beta –Function    qp,

 by the integral: 

   
 

1

0

11 1, dxxqp
qp    1...........0,0  qp

xu 1Suppose           then    ux 1 dudx 

 qp,    




0

1

11
1 duuu

qp

   pqduuu
pq ,1

1

0

11  


   .,, pqqp  
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Going back to the definition: 
                                       

    

   
 

1

0

11 1, dxxxqp
qp

Integrating by parts by assuming  

  1
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

q
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 
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
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
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
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

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1
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1
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p

q
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p

x
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p



Then 

     

   











1

0
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1

0

21
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1
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2
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1111
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             = 0 
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      qpqp
p

q
qp ,1,

1
,  







 


   1,
11

1., 






 








 
 qp

p

q

p

q
qp 

   1,
1

1
, 












 qp

qp

q
qp  *

  
       
       qppqpqp

qpqqpqp

,11,1

1,1,1









This comes from the symmetric relation 

   pqqp ,,  



..   

      

  

    

               

     

       

     

 

                                       

    

     
 

 
 













 1,1

2

1
1,1 qp

qp

q
pqpqp 

See * 

 
  

  
 1,1

21

11
, 




 qp

qpqp

qp
qp 

An alternative form of the Beta-Function , obtained  

from (1) by putting   2sin   is:  

  


2

0

2222 cossin2cossin,



 dqp qp




2

0

1212 )2......(..........cossin2



 dqp
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Relation of Beta-Function to Gamma-Function 

  






 
0

12

0

1 2

2 dttedxxe tx   2tx 

    







0

12

0

12 22

4 dyyedxxeqp qypx

 
 
 


0 0

121222

4 dxdyyxe qpyx

Transform integral to polar coordinates 
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



sin

cos

ry

rx





2
0

0

 

 r

     


 


0

2

0

12121212 sincos4
2

r

qqppr rdrdrreqp







Using Jacobean          

r

yxy

r

x
J

rdrddrd
r

yx
J

































..

,

,





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   

       

 
   
 

 
  
 

  2
2

0

2

0

1212122

2
1

1

2
1

2
1,

2
1

,

,,

sincos4














  














qp

qp
qp

qpqppqqp

ddrreqp qpqpr

  11 





 


2

0

2

0

1111 2cossin2 dd
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  
2

1

But  

  
2

1

Useful alternative forms of Beta-Function: 

   
 

1

0

11 1, dxxxqp
qp

Change variables       
x

x




1


Limits  

1

0





x

x







 0
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






1
x

   










dddx

22
1

1

11

1
























 
 

 
 








 



























0

1

0

2

11

1
,

1

1

1

1

1
,













dqp

dqp

qp

p

qp

We may assume  

 
   

















0

11

0

1

11
, 









 ddqp

qp

p

qp

p
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In the 2nd integral put   w

1


    































1

0

211

0

21

1

1

1

1

1
1

11

1
dw

w

w
dw

w

w

w
d

qp

pqp

qppqp

p






    













1

0

11

0

1

.
11





ddw

w

w
qp

q

qp

q

 
  








1

0

11

1
, 




 dqp

qp

qp
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Solution:      Let        

     

 

                                       

    

Example: 

Evaluate     




1

0
41 x

dx

Solution     : : let  ux 4

 
   

 
 
 

.

4
3

4
1

.
4

4
34

2
1

4
1

2
1,

4
1

4
1

14
1

1

0

4
3












 




du

u

u

Example: 

Evaluate      



d
2

0

sin

     

2sinu
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 
   

 
4

52

2
1

4
3

2
1,

4
3

2

1

12

1
sin

1

0

4
1

2

0 





 







du
u

u
d

Since  

   
4

1
4

1

4
5  and    

2
1

Then  

 
 

198.1

4
1
4

3

2sin
2

0





 



d
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Example: 

Evaluate  
 






0
2

7

2
3

1
dx

x

x

Solution: 

 
 

     
 

 
 

4.0
5.2

1

5.25.2

1.5.2

5.3

15.2
1,

2
5

1
,

0

1













 











 dqp

qp

p
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Example: 

 Evaluate      

 
dx

x

x





4
1

0

5
41

Solution: 
  


4

1

0

2
5

2
1

41 dxxx

Let  xu 4 dxdu 
4

1

       

   
 

 
 4

5.3

242

2
7

2
1

2
7,

2
1

2

1
1

2

1
1

4
1

4
1

1

0

2
5

2
1

1

0

2
5

2
1

2
1











 




duuuduuu
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 
 

    
    

     
     1123

2
115.15.2

2223

5.15.15.2

233

5.25.2

2 
















   
   

  5.15.2
12123

15.15.2

2



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(3):The Error-Function    
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The error function erfx is defined as  




x

u dueerfx
0

)1(....................
2 2



and clearly represents (apart from the factor  
2

 )the area  

under the curve  
2ue

 from  0u to  xu 

We see  immediately that    00 erf and that  

  1erf Since  

2
0

2 




 due u 2u

 

  1
2

.
22

22
1

2

1

2

1

0

0

2
1

0

2

2


























 

dueerf

dedue

u

u
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The graph of the error function is as shown below 

                                                1            x                 
                                   0                 
                                0.5                 

                                    1                 
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Solution of ordinary Differential Equations 

2nd order     
    0

2

2

 ztq
dt

dz
tp

dt

zd

Power Series 
Suppose t is independent variable,  to some  

particular value of t . then:  

       





0

0

3

03

2

02010 ...........
n

n

n ttattattattaa

This is a power series centered about  
0tt 

The sum of terms to N is  

       





1

0

0

0 ....,
Nn

n

nN

N

n

n

nN ttatRttatS
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Where   th

N NtS 

 tRN

Partial sum.  

Remainder  

Suppose that when  
1tt  then sequence  

      .......,, 131211 tStStS to a definite  

Limit,    the series is convergent  (or converges)  at  

1tt 

e.g. /        

       .11

0

011 lim tStSttatS N
Nn

n

nN 







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When the series does not tend to a definite limit  

then the series is divergent.  

  

For some positive numbers R: 

Series converges  t such that  Rtt  0

Diverges   t  such that  Rtt  0

R is called the interval or radius of convergence. 

(I(  
n

n

n a

a

R

1lim
1 


 (if the limit exists(  

(II(  n
n

n
a

R

1

lim
1


  (if the limit exists(  
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e.g. /  
                                       

    







0

32 .............1
n

ntttt
na

t

n 



1

00

R
a

Ra

a

n
n

n

n

n

1
1lim

1
1lim 1











1R

Series converges for  Rtt  0 1t

e.g. /    N

N ttttS  .........1 2

  subttttttS NN

N

12 ......... 
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   

 
 t

t
tS

ttSt

N

N

N

N












1

1

11

1

1

   tS
tt

t
tS

N

N
N

N























1

1

1

1
limlim

1

Where   1t

But if  t  then  series

  
Limit does not exist.  

e.g. / 





0

32

!
..........

!3!2
1

n

n

n

ttt
t

!
1

00

n
a

t

n 





..   

      

  

    

               

     

       

     

 

                                       

    

  1

1

!1

!1







nn

n

a

a

n

n

Ra

a

n

n

n

1
0lim 1 



R     .lim t

N
N

etStS 


e.g. /    

        .1!.........1!31!211
0

32







n

n
tnttt

!,10 nat n 

11  n
a

a

n

n

Ra

a

n

n

n

1
lim 1 


0R
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A function can be written in terms of power series      
:tfor certain ranges if value of           

               

     

       

     

The series converges if  

                                       

    

01 t

        .........
0

0

2

02010 





n

n

n ttattattaatf

Rtt  0

and if it is possible to write   tf in power series  

then   tf  is analytic at  0tt 

  

Taylor series of   tf  about  0tt 

  

    .
0

0





n

n

n ttatf
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 
     








0

01......1
n

rn

nr

r

ttrnnna
dt

tfd

 
      







 
0

001......21
0

n

rn

nttr

r

ttrnnnna
dt

tfd

     rr arrrra !1..........21 

 
0!

1
ttn

n

n
dt

tfd

n
a 

To Find the Radius:     .
0

0





n

n

n ttatf
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(i) Find the value of t at which f goes wrong  

i.e. /  f is infinite.  

(ii)For general several such values, usually complex  

21 itt    2

2

2

01 ttt 

(The smallest one of these roots gives the value of R (  

     N

N ttattattaa 0

2

02010 ..... 

It is called a polynomial series (not power series) 
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Suppose we want to find the solution of equation   

    0
2

2

 ztq
dt

dz
tp

dt

zd
in terms of power series: 

Case (1): 

Both   tp and   tq  have convergent Taylor  
expansion centered at  0tt 

(both are analytic at  0tt  ). 

The general solution of the equation can be written as: 

   





0

0

n

n

n ttatz

(Series solution of H.2nd order.diff.equation(  

0t ordinary point of the equation.  
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Case (2): 
                                       

    

 tp or   tq

   

[or both] are not analytic at  0tt 

it is not possible to write the general solution but if  

Then   0tt   is known as singular point of the equation and  

   tptt 0 and     tqtt
2

0 are both analytic at    
0tt 

Then   0tt   is regular singular point of the differential  

equation we can then find at least one solution of 

 the form  

   







0

0

n

cn

n ttatz



..   

      

  

    

               

     

       

     

Where C – constant and where  

                                       

    

00 a

           (Singular point method of Frobenius). 

Example: 

022
2

2

 z
dt

dz
t

dt

zd  
  50

30





z

z

Solution: 
 
 

0

2

2

0

0









t

tt

tq

ttp
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Analytic since   tp ,   tq

   

do not go to  
when putting  00  tt where  

 
  2

0





tq

tp

 



























0

2

2

2

0

1

0

1
n

n

n

n

n

n

n

n

n

tann
dt

zd

tna
dt

dz

taz

  0221
0 0 0

2   














n n n

n

n

n

n

Nn

n tatnatann
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   




 
0

2 02221
N

N

NNN taNaaNN

 
   2

2

21

122









NNN

N

a

a

N

N For  ,.......2,1,0N

  





0

4

4

3

3

2

210 ..........
N

N

N tatatataatatz









 ...........1 6

0

2

2

4

4

64

0

2

2

42

0

2

0 t
a

a

a

a

a

a
t

a

a

a

a
t

a

a
a









 ........... 7

1

3

3

5

5

75

1

3

3

53

1

3

1 t
a

a

a

a

a

a
t

a

a

a

a
t

a

a
ta
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         .......1
2

1
3

11
2

111 642

0  ttta

         .........
3

2
5

2
7

2
3

2
5

2
3

2 753

1  tttta

     tzatzatz 2110  Where  

 

  



........
105

8

15

4

3

2

.........
6

1

2

1
1

753

2

642

1

2

tttttz

ettttz t

Two linear independent solution of the equation. 
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Now given  

                                       

    

  30 z

      3010 10  aaz

      i.e.  /   30 a

     1050 10 aaz 

i.e . /  51 a

     tztztz 21 53 

Example: 
02

2

2
2  zt

dt

dz
t

dt

zd
t

(Called Bessel’s equation of order zero( 
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To find solution, power series centered about  0t

 
tt

t
tp

1
2
 at  0t   tp

at  

not analytic  

  1
2

2


t

t
tq 0t   1tq  analytic.  

Because   tp is not analytic we write  

   

   tqtt

tptt

2

0

0




 are analytic at  

0tt 

Now, we assume solution of the form  



..   

      

  

    

               

     

       

     

 

                                       

    

 

  





























0

2

2

2

0

1

0

1
n

cn

n

n

cn

n

n

cn

n

tacncn
dt

zd

tacn
dt

dz

taz

      












 
0 0 0

2 01
n n n

cn

n

cn

n

cn

n tatacntacncn

Coefficient of  
Nt

  

0

01

2

2

0

2













cNcN

N

N

cNcNcN

aaN

taNaaNN
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At  cN 

0

0

0

2

20

2





 

c

c

aac

There is only one value of c , therefore we can find only  

one solution:  

     01
0

2

0 0

  











 n

n

n

n n

n

n

n

n tatantann
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At  11 cN

0......

0

531

11





aaa

aa

At   22  cN

4

1

04

0

2

02





a

a

aa

At   44  cN

16

1

016

2

4

24





a

a

aa
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   tgattat
a

a

a

a
t

a

a
atz 0

42

0

4

0

2

2

42

0

2

0 .....
4

1

16

1

4

1
1.......1 
















 







 








 











Where   tg  is Bessel’s function of order zero . 

   tztg 1

Now ,      0
2

2

 ztq
dt

dz
tp

dt

zd

     :, 1 tzdttptw 

   
 

  


 dt
tz

e
tztz

tw

2

1

12
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 
t

tp
1

   ttw ln  

t
ee ttw 1ln  

   
  

2

1

12
tzt

dt
tztz

Called Neumann function. 

Example: 

    03152
2

2
2  z

dt

dz
t

dt

zd
tt

  71 z

  31 z
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Solution: 
 
 

 







tt

t

tp

tQ

2

15
2

2,0t

 
 





tttp

tR

2

3
2

2,0t

Not analytic at  2,00 t

  
At  10 t  both are analytic. 

Assume a solution of the form  

   









00

0 1
n

n

n

n

n

n tattaz
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  1
1




n

n tnaz

   

            013115112

11

122

2










n

n

n

n

n

n

n

n

tatnattanntt

tannz

             0131151111
00

1

0

22
 
















n

n

n

n

n

n

n

n

n tatnattannt

           01315111
000

2
 















n

n

n

n

n

n

n

nn

n tatnattann

Coefficient of   N
t 1

          

  013

1511211

0

00

2

0


























N

N

N

N

N

N

N

N

N

N

N

N

ta

NNataNNtaNN
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       0135121
0

2 






N

N

NNNN taNaaNNaNN

         

















 .....11......1.11
3

1

3

1

4

0

2

2

42

0

2

0 t
a

a
tat

a

a

a

a
t

a

a
atz

       

















 ......1
3

4
1.....1

8

15
1

2

3
1

3

1

42

0 ttatta

     

    
     

  
   2

3

21

31

03112

03412

035112

2

2

2

2

2

























N

N

NN

NN

a

a

aNNaNN

aNNaNN

aNNNaNN

N

N

NN

NN

NN
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 

  31

71

1

0





az

az

       

















 .....1
3

4
13....1

2

3
17

32
ttttz

For all t satisfy  11 t

************************************ 



may be solved by applying the Frobenius method.  

      

  

    

               

     

       

     

 

                                       

    

Legendre’s Equation 

The equation      0121
2

2
2  z

dx

dz
x

dx

zd
x 

   

when   is a real constant , is Legendre’s equation and  

Let  





0n

n

n xaz
   

 



















0

2

2

2

0

1

1
n

n

n

n

n

n

xann
dx

zd

xna
dt

dz
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     

      

       01211

01211

01211

0000

2

0000

2

00 0

122











 



















































n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n

n n

n

n

n

n

xaxnaxannxann

xaxnaxannxann

xaxxnaxannx







Coefficient of  
Nx

        012112
0

2 






n

N

NNNN xaNaaNNaNN 

      01212 2

2   NN aNNNaNN 

 
  12

12
2






NN

NN

a

a

N

N 
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 

     

       
)1.........(........

!5

4231

!3

21

............
!4

312

!2

1
1

..............1

.......

53

1

42

0

5

1

3

3

53

1

3
1

4

0

2

2

42

0

2
0

3

3

2

210

0






















































 




xxxa

xxa

x
a

a

a

a
x

a

a
xax

a

a

a

a
x

a

a
a

xaxaxaa

xaxz
N

N

N





Where  0a and  1a  are arbitrary constants. 

When  n  where n is an integer, either one or the other  

of these two series terminates  

 xz1 or   xz2i.e. / 
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e.g  /  
if  2 then all terms in  

 xz1
 beyond  

2x are zero . 

Similarly if  3  all terms in   xz2 beyond  
3x  are zero.  

The resulting polynomials in x denoted by   xpn are called  

legendre polynomials( 0a and  1a being chosen so that  

each polynomial  has the value unity when        ) 1x

  

the first  few of these polynomials are:  
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 

 

   

   xxxp

xxp

xxp

xp

35
2

1

13
2

1

1

3

3

2

2

1

0









Non-terminating series is of no interest here. 
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A straight forward rewriting by means of factorials enables 

 us to express the solution (1) in the form  

 
 

 

 
 

 


























 




















 















































k

k
k

k

k
k

k

xk

kk

a

k

xk

kk

az

!12!

!2

!
2

1

!
2

1

!
2

1

!
2

1

!2!

!2

!
2

!
2

!
2

!
2

12

1

2

0
























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If  ,......4,2,0 the first series becomes a polynomial . 

We  shall introduce the new summation index  

kr 
2


and  write this solution as  

   
 
   !2!!

!22

!

!
2 2

2

2

0
r

x

rr

r
a

r

r

r




































If on the other hand  ,......5,3,1 it is the second series  

concerns us.  
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In this series we define  
 

kr 






 


2

1
and obtain the  

solution.  

   
 
   !2!!

!22

!

!
2

1

2

2

2

1

2

1

r

x

rr

ra r
r

r 



















 












It is now clear that for any nonnegative integer   even or  

odd, the polynomial  

   
 
   

 arbitraryk

r

x

rr

r
kxp

r

r

r










!2!!

!22 2

0









is a solution of legendre’s equation. 
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     Rodrigues formula 
                                       

    

   n
n

nn x
dx

d

n
xp 1

!2

1 2 









The first few are   

 

   

   

   33035
8

1

35
2

1

13
2

1

1

24

4

3

3

2

2

1

0











xxxp

xxxp

xxp

xxp

xp
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Example: 

Evaluate    0621
2

2
2  y

dt

dy
t

dt

yd
t

Solution: 

Legendre’s equation     61 

i.e.  /     

  

2

023

062











i.e.  /     
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The solution is  

   12
2

1 2

2  ttp

But the general solution is  

                     

     tyatyaty 2110 

Another form of legendre’s equation: 
               

  01sin
sin

1









p

d

dp

d

d






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Example: 

                  Evaluate 
                    

02sin
sin

1









z

d

dz

d

d






Solution:  

  

   coscos

1

012

02

21

1

2











p









The general solution is  

    210 cos zaaz 

From table  
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Note: 

That in the above form  cosx

   1cos3
2

1
cos 2

2  p and so on.  
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Hermite-Functions  
We shall outline some of the important formulas for two  

more sets of named functions. Both Hermit and laguerre  

functions are of interest in quantum mechanics where they  

arise as solutions of eigen value problems. We shall also  

consider an operator method which can be used as an  

alternative to series of some differential equations.  

Hermite function: 

The differential equation for Hermite function is  

   1.....,.........3,2,1,0,122  nynyxy nnn
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This equation can be solved by power series but here we  

shall consider an operator method which is particularly  

efficient for this equation.  

Let us use the operator D to mean  .
dx

d

Then: 

     )2(....................2 yyxyxyyx
dx

d
yxDxD 










And similarly 

    3..............2 yyxyyxDxD 
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Using (2) and (3) respectively we can write (1) in two  

ways:  

    

      5..........12

4.................2

nn

nn

ynyxDxD

ORnyyxDxD





Now let us operate on (4) with   xD  and on (5) with  

 xD  and change n to m for later convenience .             

          

            7.........12

6...............2

mm

mm

yxDmyxDxDxD

yxDmyxDxDxD




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Comparing (4) and (7) if    mn yxDy 

   

and  

1mn the equation are identical we write  

   8............1 mm yxDy 

and we see that given a solution  my of (1) for one value of  

n, namely n = m we can find a solution for  1mn  by  

applying the raising operator   xD 

     

to  my

 Similarly  from (5) and (6) we find that  

   9..............1 mm yxDy 
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We may call   xD     a  “ lowering operator ” these operators  

are called creation and annihilation operators in quantum  

theory. Operators of this kind are called ladder operators.  

i.e.  /   enable us to go up and down in a set of functions.  

Now if n = 0 we find a solution of (4) and therefore of (1)  

by requiring    00  yxD
   

We solve this equation to get   
2

0

2x

ey




  0{ 0  yxD

 



xdxdy
y

xy
dx

dy

1

0

}

2
ln

2

2

2x

ey

x
y










..   

      

  

    

               

     

       

     

 

                                       

    

Then by (8)  

                  

  2

2xn

n exDy




These are the Hermite-Functions, they can be written in  

the simpler form:  

 10.....................
2

2

2 x

n

n
x

n e
dx

d
ey 
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If we multiply (10) by    2

2

1
xn

e we obtain the Hermite-  

polynomials may be called a Rodrigues formula for them  

     11...................1
22 x

n

xn

n e
dx

dn
exH 

We find  

  2
00

2

1
x

eyxH




    2
11

2

212
x

xeyxxH




    22

2

2

2

2

2424
x

exyxxH




Where 

  n

xn

n yeH 2

2

1
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The Hermite polynomials satisfy the differential equation 

022  nyyxy

Example: 

Solve the differential equation  0202  yyxy

   

Solution: 

10n  
22

10

10
10

10 1 xx e
dx

d
eH 

Using the differential equation, we can prove that the  

Hermite polynomials are orthogonal on    , with  

respect to the weight function  
2xe

 the normalization  
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integral can be evaluated thus we have  

   















mnn

mn
dxxHxHe

nmn

x

!2

02



The generating function for the Hermite polynomials is 

   




 
0

2

!
,

2

n

n

n

hxh

n

h
xHehx

The generating function can be used to drive recursion  

relations for the Hermite polynomials two useful relations  

are:     

    11

1

22)

2)









nnn

nn

nHxnHxHb

xnHxHa
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Example: 

Solve     

Solution: 
                 

The solution is  

                  

    22

0

2

2

2x

exDyxDy




yyxy 52 

2

125

52







n

n

yyxy
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Laguerre Polynomials 

The laguerre polynomials may be defined by a Rodrigues  

formula:  

     1............
!

1 xn

n

n
x

n ex
dx

d
e

n
xL 

Carrying out the differentiation using Leibniz Rule we  

find  

 
      

   2.............
!

1

!

1
.......

!3!3

21

!2!2

1
1

0

32

polynomialLaguere
m

x

m

n

n

xxnnnxnn
nxxL

n

m

m
m

nn

n






















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The symbol  









m

n is a binomial coefficient  

  !!

!

mmn

n

m

n












From (2) we find that  

  10 xL
                     * 

 

 
2

21

1

2

2

1

x
xxL

xxL





The Laguerre polynomials are solutions of the  

differential equation:   
 xLy

nyyxyx

n

 01

called Laguerre Equation. 

i.e. / 

i.e. / 
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Using the differential equation we can prove that 

the laguerre polynomials are orthogonal on   ,0  with  

respect to the weight function  
xe  .In fact we find that  

with definition (1) the functions   xLe n

x
2



are an  

orthonormal set on   ,0
                                                                                                              

     3.............
1

0

0 












kn

kn
dxxLxLe kn

x

The generating function for the Laguerre polynomials is:  

 
 

   4...........
1

,
0

1













n

n

n

h
xh

hxL
h

e
hx
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Using it, we can derive recursion relations   

Some examples are: 

        01 
 xLxLxLa nnn

           
        0

0121

1

11









xnLxnLxLxc

xnLxLxnxLnb

nnn

nnn

Derivatives of the Laguerre polynomials are called  

associated Laguerre polynomials they may be found by  

differentiating (1),(2) or  .*  
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We define: 
      xL

dx

dk
xL knk

kk

n  1

                                      

Associated Laguerre polynomials. 

By differentiating the Laguerre equation we find the  

differential equation satisfied by the polynomials   xLk

n
is  

 

 xLy

nyyxkyx

k

n

 0

The polynomials   xLk

n
may be found from the Rodrigues  

formula           xkn

n

mxk
k

n ex
dx

d

n

ex
xL 




!

  

Note in this form K does not have to be an integer. 



..   

      

  

    

               

     

       

     

 

                                       

    

Notice: 
                   

  01  nyyxyx

   

Using the series solution (Frobinous) 







0n

cn

n xay    and so on.  

                                                          Example: 

                 Solve the differential equation  

  021  yyxyx
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Solution: 
                             The solution is      

2
21

2

2

x
xxL 

  

Example: 
Using (2) Find   xL3  and   xL4

      

Solution: 
 

 

   

   

   

   .25200600600120
120

1

16729624
24

1

9186
6

1

42
2

1

1

1

5432

5

432

4

32

3

2

2

1

0

xxxxxxL

xxxxxL

xxxxL

xxxL

xxL

xL












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    

    

    yxyxyx

yxyxyx

yxyxxx







coscos
2

1
sinsin

coscos
2

1
coscos

sinsin
2

1
cossin

Fourier series or (orthogonal function): 
             

     1................sincos
2

1

1

0 





n

nn nxbnxaaxF

0aWhere ,  na and  
nb are constants. 

   xx 2

First we show the orthagonality property: 

     .coscos
2

1
coscos

22














dxxnmxnmdxmxnx
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 
 

 
 

0
sinsin

2

1
2




















 


nm

xnm

nm

xnm

nmegermn int,

When  nm 

  

  












22

12cos
2

1
coscos dxxndxmxnx

  

















2
2

1

2

2sin

2

1
2

x
n

nx

Now replacing  cos by  sin

    












22

coscos
2

1
sinsin dxxnmxnmdxmxnx
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 
 

 
 

nm
nm

xnm

nm

xnm






















0
sinsin

2

1
2



When             :  nm 

  


























222

2

2sin

2

1
2cos1

2

1
sinsin

n

nx
xdxnxdxmxnx

If we take a mixture of  sin And       : cos

    












22

sinsin
2

1
cossin dxxnmxnmdxmxnx

 
 

 
 

nm
nm

xnm

nm

xnm






















0
coscos

2

1
2


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When                 :  nm 

.2sin
2

1
cossin

22














dxnxdxmxnx

0
2

2cos

2

1
2











 

n

nx
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Summary:  











nm

nm
dxmxnx







0
coscos1

2

 











nm

nm
dxmxnx







0
sinsin2

2

 











nm

nm
dxmxnx

0

0
cossin3

2



    0sin
1

cos4
2

2















nx
n

dxnx

    0cos
1

sin5
2

2















nx
n

dxnx

  




26

2




dx
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Calculation of coefficients 0a ,  na and      :  nb

    




 










1

2 22

0

2

sincos
2

1

n

nn dxnxbdxnxadxadxxF























1

0 002
2

1

n

nn baa 

  .

2

0 








 dxxFa
           * 

  












2

0

2

cos
2

1
cos dxmxadxxFmx

 















1

22

sincoscoscos
n

nn dxnxmxbdxnxmxa








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  




madxmxxF  
2

cos
    *  

  












2

0

2

sin
2

1
sin dxmxadxmxxF

 















1

22

sinsinsincos
n

nn dxmxnxbdxmxnxa









  




mbdxmxxF  
2

sin
      *  
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For the expanssion of     1: equxF the parameters are  

given by:  

 









2

0 dxxFa
    *  

           

 









2

cos dxxFnxan
   * 
           

 









2

sin dxxFnxbn    * 
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This can be applied to discontinuous functions with the  

condition that        





00
0

0
2

1
lim xFxFxF

Example: 
                    pxxF cos     p is not an integer  

                  

  x
Solution: 
                 











p
pp

px
dxpxa sin

2sin
cos0 














 0sin p since p is not integer.  
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    

 
 

 
 

   
np

np

np

np

np

xnp

np

xnp

dxxnpxnpdxnxpxan





















































sinsinsinsin

2

1

coscos
2

1
coscos

    .sin1sincoscossinsin  pnpnpnp
n



  .
11

sin1














npnp
pa

n

n 

    












 dxxpnxpndxnxpxbn sinsin
2

1
sincos

 
 

 
 

0
coscos

2

1

























pn

xpn

pn

xpn
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For the expanssion 

  

 

 





































































1

1

1

11
sin

1
sin

1
1

:

11
1

1

sin

:0

11
sin

1sin
cos

n

n

n

n

n

n

npnp
pp

p

where

npnppp

x

npnp
p

p

p
px















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Example:    

     2sincos
2

1

1

0  




xnxbnxaaxxF
n

nn

Solution:  
              

 









2

0 dxxFa
  

              

 









2

cos dxnxxFan

              

 









2

sin dxnxxFbn
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0
2

1

0cos
1

sincos

2

2





nx

nnx
n

nx
n

x
dxnxx

0sin
1

cossin
2




 nnx
n

nx
n

x
dxnxx

For the range                                       :      ,x

           

0
2

1 2

0 















 xa

          

0cos
1

sin
2

















 nx
n

nx
n

x
an

          

n

n
nx

n
nx

n

x
bn








cos2
sin

1
cos

2

















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  1
1

2 


n

n
n

b


  









1

1

sin
12

n

n

nx
n

x

   x

For the range  20  x
       

2

2

0

2

0 2
2

1












 xa

       

0cos
1

sin

2

0
2













 nx
n

nx
n

x
an

       

n
n

n
nx

n
nx

n

x
bn








2

2cos
2

sin
1

cos

2

0
2

























1

sin
1

2
n

nx
n

x 
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Suppose  2
x  then 







1

2
sin

1
2

2
n

n
n



40

31

20

11sin









n

n

n

nn
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Example: 
                   

 





2

00





x

xxF

  

Solution: 
                  

  2

22

0

0 






  dxdxxFa  
                 

  0sin2sincos

2

  







nn
n

dxnxan
     

                 

    n

n
n

nn
n

dxnxb 11cos2cossin

2







 








  

                

    





1

sin11
1

2 n

n
nx

n
xF


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value of    xatxF

    

 
2

sin
1

1
2

22

1
lim

1

0



















 











n

n

n
n

FF
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Condition for Fourier Expanssions for  xF

 xF1)        must be single valued except at a finite number of 

discontinuities.  

2)   xF is periodic out side    2, 

   

with period  2

 .  

 xF3)           and  
 

dx

xdF
are section ally continuous in 

  2, 
  

4) At discontinuous   ix the series converges to  

    .
2

1
lim

0






ii xfxf

These are called Dirichlet Conditions.  
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Derivatives of Fourier series: 

Example: 

 
  


 







xnx
n

x
n

n

1

1

sin
1

2

Then  

 

 






























1

1

1

1

1

1

121

1cos12

cos
1

21

n

n

n

n

n

n

nx

nxn
n
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Which doesn’t make sense.  

Given 
            

   .sincos
2

1

1

0 





n

nn nxbnxaaxf

            

  .

2

0 etcdxxfa 










 
   









1

0 sincos
2 n

nn nxbnxa
a

xf
dx

xdf

Then 
           

           

     








2

2

0




  xfdxxfa

    ffa  20
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 








2

cos dxnxxfan

    

       
























2

2
2

sincos2cos2

sincos

dxnxxfnnfnf

dxnxxfnnxxf

      nn nbffna  2cos

 








2

sin dxnxxfbn
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      









2

cossin2 dxnxxfnnff

      nn nbffna  2cos

 








2

sin dxnxxfbn

      









2

cossin2 dxnxxfnnff

      nn nanffb  sin2
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We check that work by applying it to: 
          

 
  


 







xnx
n

x
n

n

1

1

sin
1

2

  1

0 1
2

00



n

nn
n

baa

   220  a

    01
2

2cos
1


n

n
n

nna 

  002sin   nbn
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Fourier Series Expanssions of even or odd 

Functions in    x

Even function        xfxf 

Odd function         xfxf 

   





1

0 sincos
2

1

n

nn nxbnxaaxf

      











0

0

0 dxxfdxxfdxxfa

     



 0

0

dxxfdyyf

     




0

0 dxxfxfa
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 








 dxxfnxan cos

        




 0

00

coscoscos dxxfnxdyyfnydxxfnx

     




0

cos dxxfxfnxan

 








 dxxfnxbn sin

        




 0

00

sinsinsin dxxfnxdyyfnydxxfnx
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     




0

sin dxxfxfnxbn

i) If   xf even function            i.e.  /      xfxf 

Then  

 




0

0 2 dxxfa
              

 




0

cos2 dxxfnxan

             

0nb
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i.e. /    





1

0 cos
2

1

n

n nxaaxf

ii) If   xf  odd function         i.e.  /     xfxf 

Then       000  naa

 




0

sin2 dxxfnxbn

i.e. /  

  





1

sin
n

n nxbxf
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Example: 
               Find the Fourier series 
                 

 
   



2

2





xf

xxxf

Solution: 
               The function is even 
                 

0 nb

3

2

3

22 2

0

3

0

2

0















 

x
dxxa






0

2 cos
2

dxnxxan



.= 0.   

      

  

    

               

     

       

     

 

                                       

    

Let  xdxduxu 22 

i.e. /   
x

dx

du
xu 22 

          

n

nx
vnx

dx

dv sin
cos 























 




00

2 sin2sin2
dx

n

nxx

n

nxx
an

   

n

nx
v

dx

du

nx
dx

dv

xu

cos

1

sin 



























 
 




00

coscos22
dx

n

nx

n

nxx

n
.= 0.   
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 n

n
n

n
1

4
cos

2
.

2
22
 





 
 









1
2

2
2 cos

1
4

3

2

n

n

nx
n

xxf


i.e. /   

..........3cos
3

4
2cos

2

4
cos

1

4

3

2
222

2
2  xxxx


               

..............3cos
9

4
2coscos4

3

2 2

 xxx


               









 .....

9

3cos
2coscos4

3

2 2 x
xx


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










 .........

3

1

2

1

1

1
4

3

2
222

2
2 

x

If   x Then: 
          









 ......

9

1

4

1
14

3

2

          







1

2

2 1
.......

9

1

4

1
1

12 n n



If  0x Then: 

 














1
2222

2 1
1....

3

1

2

1

1

1
4

3

2
0

n

n

n


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Example: 
                 

 













x

x

x

x
xf

0cos

cos

                 

    ff  2
Solution: 
                The function is odd even though cos is even. 
           

00  naa

 

















0

0

sincos
2

sin
2

dxnxx

dxnxxfbn
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     

     nn

nn

n

n

111cos

111cos

1

1













   

  





















































1

1

1

1

1

1

1

1
1

1

1

1

1

1

1

1

1

11

nnnn

nnnn
b

n

nn

n





    

 
 

 
  


















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Fourier’s Expanssions in Range   x0

  

These are of the alternative types  

         

  





1

0 cos
2

1

n

n nxaaxf

  

OR: 
           






1

sin
n

n nxbxf

  Out side   ,0

Cosine series must be even in range    x

  

Sine series must be odd in range    x
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Example: 
                    

  xxf    expanded as cosine series 

i.e. /   
         






1

0 cos
2 n

n nxa
a

x

   

 









0
2

1

2

0

1

cos
1

sin2cos2

2

















nx
n

nx
n

x
dxnxxa

dxxa

n

  11
2
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  





1

2
cos11

1
2

2 n

n
nx

n
x



Example: 
  

  xxf  expanded as sine series in range   x0

  

  11
2

sin
1

cos2

sin2

0
2

0











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





 
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dxnxxb
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  
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


1

sin11
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2
n

n
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n
x



..   

      

  

    

               

     

       

     

 

                                       

    

Fourier’s Expanssions in Range    x

  

  


 








1

0 sincos
2

1

n

nn

xn
B

xn
AAxf





  

 





























dx
xn

dx
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dx


sin0cos

2
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    .coscos
2

1
coscos 

 















 
dx

x
nm

x
nmdx

xmxn 

  

                                 

 

 

 nm

dx
nx

nm



























2
2

1
1

2
cos

2

1

0

  

    
 
















 
dx

x
nm

x
nmdx

xmxn 
coscos

2

1
sinsin

    
 nm

nm






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0cossin 







dx
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 








 dxxFA0

 
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
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 dx
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 
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 dx
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
sin
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Fourier’s Expansion in Range   ,0

Either: 
            

 

 

 





















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
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


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A
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




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
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OR: 
           

 

 










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4Example: 
                 Periodic square wave                                

       

 
















210

11

120

x

xk

x

xf

                   

2   1   -1  -2       

                                              Solution: 

                 The function is even symmetry about they-axis. 

i.e. /      0nB

  

       

   


2

0

2

2

2

2

0 2 kdxkdxdxxFA

  



..   

      

  

    

               

     

       

     

 

                                       

    

      

  kkxdxkdx 2202
1

0

2

1

1

0

 

  

      

k
k

A
2

1

4

2
0 

 
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



 
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
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 
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cos0
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2
sin

2

2
sin
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1

0
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





n

n

kxn

n

k











i.e. /  

         

   neven
n

k
A

n

n 01
2

2

1






               

,.........11,7,3
2

,........9,5,1
2








n
n

k

n
n

k





  .......
4

3
cos

3

2

2
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2
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1
 x
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kxf




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Partial Differential Equations 

Introduction: 

Any equation containing partial differential  

coefficients is called a partial differential equation. The  

order of the equation being equal to the order of the  

highest partial differential coefficient occurring in it.  

e.g. /    

  

          

  0,

23

2

2

2

2

2





















y

u
yxf

x

u

u
y

u

x

u
y
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Where   yxf ,  is an arbitrary function are typical partial  

differential equations of the 1st and 2nd orders respectively  

x and y being independent variables and u the function to  

be found, and both are linear.  

A typical non-linear equation in two independent  

variables is 
                     

.2

2

2

2

u
y

u

x

u
u 

















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The general solution of an ordinary differential equation  

contains arbitrary constants. The general solution of a  

partial differential equation, however usually contains  

arbitrary functions.  

Let us consider       1.............xfyu 

   
Where   xf  is an arbitrary function of x then  

                            

   2.................xf
y

u






  

Eliminating   xf we obtain 1st order P.D.E. 

 3................u
y

u
y 



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  Any function u of the type given by (1) is a solution     

of (3) 

Similarly if  
                      yxgyxfu 

        *  

Where     yxgyxf  ,  are arbitrary functions of  

yx  and  yx  respectively then  

     4............yxgyxf
x

u






     5............
2

2

yxgyxf
x

u





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     6.............yxgyxf
y

u






     7............
2

2

yxgyxf
y

u






Hence from equ (5) and (7)  

 8.............
2

2

2

2

y

u

x

u










The function u defined in * therefore satisfies (8). 
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Second Order Constant Coefficient Equations 

Any equation of the type  

 9..........0222
2

22

2

2

























cu

y

u
g

x

u
f

y

u
b

yx

u
h

x

u
a

Where a,h,b,f,g and c are constants, is a linear 2nd order  

constant coefficient P.D.E. in two variables( x and y) by  

comparison with the equation of the general conic  

 10...........0222 22  cgyfxbyhxyax

We say that (9) is of  
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





















0

0

0

2

2

2

hab

hab

hab

whentype

hyperbolic

parabolic

Elliptic

e.g. /   Lap lace’s equation in two variables  

             

0
2

2

2

2











y

u

x

u

  

May be obtained from (9) by putting 

0,1,1  cgfhba

02  hab  is of elliptic type. 

Similarly, 
                

0
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2
2

2
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








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u
k
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u
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(Where k is a real constant) may obtained from (9) by  

putting  0,,1 2  cgfhkba

   

022  khab

 the equation is of hyperbolic type. 

However the equation 
               

0
2

2











y

u
k

x

u
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is of parabolic type since  0,1  bha

0,0,
2

1 2  habandcfkg

Euler’s Equation 

The equation   11.........02
2

22

2

2
















y

u
b

yx

u
h

x

u
a

Where a,h and b are constants. Is a special case of (9)  

 0 cgf  known as Euler’s equation. 

The general solution of this equation obtained as follows: 

Let     

syrx

qypx








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Where  sandrqp ,,   are arbitrary constants, then 

.
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Substituting in equ(11) we get  

    
 









u
sprqhbsqapr

u
hpqbqap

2

2

2
22 22

   12...........02
2

2
22 








u
hrsbsar

We now choose  1 rp and q and s are the two roots  

21 XandX of the equation  

                           

02 2  bXhXa

  becomes12

   0
2

2121 







u
XbXXXha



..   

      

  

    

               

     

       

     

 

                                       

    

b

a
XX

b

h
XX






21

21

2

i.e. /        13............0
2 2

2 







u
hab

b

Provided (11) is not parabolic in the sense that  

  

02  hab   then (13) gives   0
2








u

By integration           the general solution  

               GFu 

Where F and G are arbitrary functions. 
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Finally the nature of the roots                           depends on  

Since  yXxyXx 21 ,    the general solution         

of (11) is   

                 
   yXxGyXxFu 21 

(Provided (11) is not of parabolic type(.  

21 XandX

whether the equ(11) is of hyperbolic or elliptic type for  

when  02  hab

  

(hyperbolic(  21 XandX are real.  

When  02  hab (Elliptic(  21 XandX are complex.  
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