


| Snecial Function




1): The Gamma-Function
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If iMtEger I'(n) =n(n
Also from equ(1)
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bftervataeived B, fay b
obtained directly from the definition .

0 @)

F(}é)z _fe‘xx_%dx

0]



by putting X =u?® and integrating

( using line integral + multiple integral )

Izz(ofexzdx] je dxjeydy jdxje 4y?)
0

Polar coordinal = IR o by )dxdy
ny



Using result (2) we may now obtain all
other positive half-integral values from the
recurrencerelation (¥) , ., ., . . |

. r{y)-1rfy)-
r{74)-2r(5)-2 2r(3)- 2.

The recurrence relation (*) is also
| useful in definition the I -function

for negative values of V' for re-writing
(*) as:
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It is important to emphasize that the values of I'(v)

| for negative values of Y are not given by the
Intedrplthermotirrence relation (3)




The graph of I'(v)for positive and negative

values of v 1s shown below:




luate I'(5)
SO|_U'[IE)D R S R e e Y
F(n+1)=nl r(5) M= 4+3%2%1 = 24
Example (2)
EVdBiale
Solution '

F(V) = (v —1)F(v —1)

| T(3.5)=2.5I"(2.5)=(2.5)1.5)(L.5)=(2.5)1.5)0.88623)

WhereF(1,5) can be found from Gamma tables .



Example(3): e >
Evaluate the l]tegréit‘r"ze_t dt

Solutlon

1=2xtteo=2r(a)- 2 ory)- 2N rg
= 2—10(2.1)(1.1) (0.1)

from tables: T1°(0.1)=9.5135

then: 1=1.10 (2d.p.)
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~T(v)= _‘-e_"zv_ld;( = je_‘/z v 2udy = 2_[e_v2 v dy
0 0 0

2-An alternative definition of T'(v') due to Euler is

r(v)= '!EQ {V(V T 1)nl * n (v 3 n)}

| This form is valid for positive and negative y and

shows clearly the singularities of I'(v)atv=0,-1-2........

and so on .




Homework

D If 1(1.1)=0.951find F(4 1)andF(— 3, 9)

2) Evaluate I = _fez"_" dx

! 3
3) Evaluate Izjzz(ln %) dx
1

A)Evaluate T — J' t*e—2 dt
| 0

oS 2

u
5) Evaluate 1= du p; St
) vaiu _(';(1_'_”)5 Hint (V j

1+u




Answer

Let V=3jn 0 dv = 2sin@cos &l @

[ rere) 1

7 /
.'.I:ngin“@(l—sinzé’)siné’cosé’ dé’:zlsinf’é’cosw 6 = f(3,2)= 6 =




B (2): The Beta-Function




| \We define the Beta —Function ,B(p, q)
by the integral:

Alp.a)=[2"*t-x)"dx (p>0,q>0)....... (1)
0
Suppose U=1—X then Xx=1-u - dx =—du

A(p.a)= - [(L-uwP ()

I [u"*(L-u)™du = A(a, p)
B(p.a)= (g, p).




Integrating by pé?ts byassuming
y=flox)t ,%:xIOl
Then _Xl
P o e 1
Alpa)=| — Q-x"| + g 1)jx"(l— x)" % dx
AR o g
| Then S
[xP@—x)"dx = [ x"*[1—(@—x)J@—x)**dx

1 1
e j‘x P o) T edx I x P (1— x)" " dx.
0 0



-~ Bp,q)= (q—;lj{ﬁ(p, a-1)- A(p,a)}

,3(!.3 , Q)-.(l +qplj = (.qpljﬂ( p,q—1)
1

9

1jﬂ(pq -1) |

i (p+a-1)pB(p.a)=(a-1)8(p.q-1)
(p+a-1)8(p.q)=(p-1)B8(p-109)

This comes from the symmetric relation

A(p.a)= (. p)

- B(p.q)= (p -




~(p+q-1)p(p.a)=(p —1){(p(2 ;?Z)ﬂ(p 191

& J
Y

| ( B 1) —1)
..ﬁ(p,Q)=(p+§_1)(g+q_2)ﬂ(p—1,q—l)

An alternative form of the Beta-Function , obtained

from (1) by putting x =sin®@Is:
7

2
| B(p,q)= _fsinz'“‘zé?coszq‘2 62sin@cos&dd
0
7
:stinz"‘lecoszq‘lédé’ ................ (2)
0




Relation of Beta-Function to Gamma-Function

(v je XX = 2je t2dt (Xz’[z)

~T(p)(q)= 4j a x.?p‘ldxj eV y2idy
0

0

TT —|x? +y 2p -1 2q ldxdy
00

Transform integral to polar coordinates




0 7[2
F(p)l“(q)=4j Ie‘rzrz""1 cos*” & sin* ™ Ardrd@

r=0 =0

Using Jacobean

o
¥ R [X’ y)drd@ = rdrdé@
SR

~_OX oy oOx oy

e : :
or o6 06 or




7
4-‘-6 r r2|0 2q 1drICOSZp l¢93|n2q 16d6

) (q ID):F(lqu)ﬂ(p i
_I(p)r(g

v

Ilnllgcoslléde 2jd9 5
0



Useful alternative forms of Beta-Function:

1 it

Ap.a)= | xP*({L—x)""dx

: R
| Change variables 1— %

Limis X0  v—0

X—>1 YV — o0
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Example:

Solution:

Evaluate
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3). The Error-Function




and clearly represents (apart from the factor / ﬂthe area
under the curve e from U=0 to y=Xx

We seeimmediately that erf(0)=0 and that

erf(OO)zl Since ]‘)e_uzdu:% | ¥ omer u2
A e I
!e du=§£v%e dvzir(%)zg
S Jr




The graph of the error function is as shown below




Power Serles
Suppose fis independent variable, to some

particular value of £then:

apdalt=ti)ra ot atet Pl =Zan(t—t0)”.

| This Is a power series centered about t = [,
The sum of terms to AVis

SN(t)znzz(;an(t—to)”,....RN(t): Sa,(t-t,)

n=N+1



Where SN(t): N Partial sum.
R\ (t): Remainder

Suppose that when ==t then sequence

Sl(’[1 ), SH (’(jL ), o) (tl) ....... —> to a definite

Limit, the series Is coiivergent(or converges) at
t=1,



When the series does not tend to a definite limit
then the series Is divergent

For some posmve numbers R

Series converges V1isuch that t-t|<R
Diverges Y/t such that [t —t,| > R

R 1s called the interval or radius of convergence.

1 an+1
(D g =107 7| (if the limit exists)
i BN
Wy E:m‘o‘a ‘y (if the limit exists )
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(1-t)S, (t)=1-t"*

1_tN—I—1
SN(t): (1_,[)
N+1
~ lim SN(t)Zn!liglo{llit }:ﬁzsw(t)Where t| <1

But iIf t —> oo then series — o

. Limit does not exist






The series converges if [t —1 <0

A functlon can be wrltten |n terms of power serles

for certain ranqes if value of ¢

f(t)=a, +a,(t—ty)+a,(t—t,)" +....= > a,(t—t,)".

t—t,|<R
and if it is possible to write f(t)in power series

| then f(t) is analytic att =t,
aylor series of f(t) aboutt =t

ft)=> a,(t-t,)".
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(1) Find the value of #at which fgoes wrong

l.e. / fis infinite.

(||)For general several such values usually complex

t1 2R 'tz \/(tl _to) _tz

( The smallest one of these roots gives the value of R)

ayralt—t ettt roota e )

It Is called a polynomial series (not power series)




Suppose we want to find the solution of equation
d?z

+ p(t)% +q(t)z=0 in terms of power series:

Both p(t)and Q(t)wave convergent Taylor
expansion centered at t =1,

(both are analytiif at t=t,).
t, — ordinary point of the equation.

| The general solution of the equation can be written as:
= n

2(t)=2 a,(t-t,)
n=0

(Series solution of H.2nd order.diff.equation)



p(t) or q(t) [or both] are not analytic at t =1,

Thent =t, is known as singular point of the equation and

equation we can then find at least one solution of
| the form

2(t)= 2, (t-t, )"

n=0




Where C — constant and where &, #0
(Slngular pomt metf\od of Frobenlus)

Example
2(0)=3
9——2-—2t95—2z_o (0)
dt* dt Z’(O):5
Solution: p(t) T
q(t)=-2
t =i

t, =0




Analytic since p(t ). q(t) do not go to OO

S P U=
s S R L
2= i at"
n=0
= i na,t""
t n=0
2

i n(n—1)a t" >N - Zi nat" — Zi at'=0
n=0 n=0

n=0



00
N =0

{(N +1)(N +2)a,,, —2Na, —2a, jt" =0

RO Z(N.+1). S NE R Ne=0 L2505

a, (N+1N+2) N+2

nz(t)=Y aytt =a, +at+a,t’ +a,tP +a,tt +
N=0

a a
ta | 1+-—4t% + -2

d,

d,

.ao

t4

a5 a‘3 t5
a3 a1

d
4 6

dy

d,

a,

.az

7

.ao

t6

a
_|_
a




lt+(/)"’+(%)(/) (/X/)(/) --------- -

~2(t)=a,z,(t)+ alzz(t) Where

zl(t):1+t2+1t4+lt R —e"
2 6
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l.e/. a, =9

. z(t) =3z, (t) + 5z, (t)

| Example:
Sk e
TR

(Called Bessel’s equation of order zero)



{ To find solution, power series centered about t=0
t

p(t)=—==at t=0 p(t)—> o --notanalytic
q(t) = % =latt=0 q(t)=1 ..analytic.
Because P(t) is not analytic we write

(t

"to
(t_to

)p(t)

Yaq(t) are analyticat t =1

Now, we assume solution of the form




(n+c)a,t™ + i astt e =g
n=0

n=0

(n+c)n+c—1)a t" + i

Coefficient of { )

A




There is only one value of ¢ , therefore we can find only

one solution:

b i(n)(n ~1a t" + i(n)ant” . iant”+2 -0
n=0 n=0

n=0
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|
a a, a 2 Y] VAR
4R P YN SRR SR Bt SR S R SO ey [ AR R S BT S
(t) { = i } { +(4j ) s, st a,g(t)

Where 0 (t) 1s Bessel’s function of order zero .

Now « 2.4 pt)Z 4 t)e =0
wt)=| p(t) dt, z(t)
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Not analytic att, = 0,2
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=Y (t2 —2tfn)n—1)a, (t=1)"* +5(t —Dna, (t —1)"" +3a,(t -1)" =0
{t-17 —1n)n-2)a, (t -2 + is(t_l)na -1+ 3a,(t-1)" =0

>
i;n { )" —(t-1)" }+25nat 1)" + nZ:’;3an(t—1)”=o
| Coefficient of (-1

N(N —1)a, (t —1)" Z(N+2)(N+1)N2(t 1) +25Na (N -1)"

2D

=l + >3, (t-1)" =0

i Ms



i{N(N —1)ay —(N +2)N +1)a,, +5Na, +3a, {t-1)" =0

N =0

(N +2)(|\| +1) AL sy {N(N 1)+5N +3} -
—(N +2)(N +1)a,,, +(N2+4N +3Ja, =0
~(N +2)(N +1)ay,, +(N +1)N +3)a, =0

Ay,  (N+IN+3) N+3
a, (N+1)(N+2) N+2

z(t):ao{l (1) 22 }+a1{(t—1)+:’(t—1)3+ ..... }
. =a{1+2(—1)2+%(t e }+al{(t_1)+g(t_1)3+ ...... }




But z(1)=a, =7
Al ans

For all t satisfy |t-1<1

PR A P P A P P P P A L A S B L S A S S A S S L S S Sy




Legendre’s Equation

The equation (1— x )E oy lE /(0+1)z=0

——-————-————-————:————:——dx ———:———(—b—(———-————!————-————-——

when ¢ is a real constant , is Legendre’s equation and

may be solved by applying the Frobenius method.




nm

S - x? h(n-1)a,x"? —innanx”‘1 +i€(€ +1)a x" =0
n=0
( )(n 1)a x” ; Znn 1a X" —ZZna X" +ZM+1)a X" =0

E e e R e S A e B s U et s e o T A B weet e (R AR e RA Ty A

7 10

(nYn-1)a, x"? —Zn (n-1)a x" —ZZnanxn +Z€ (¢+1)a, x" =0
n=0 n=0 n=0

Il
o

n

Coefficient of xN

i{ (N +2)N +1)a,., - N(N —1)a, —2Na, + #(¢ +1)a, jx" =0

n

(N +2)(N +1)a,,, — N2 =N +2N — /(¢ +1)ja, =0
d

vz NS N -l
ay  (N+2)N+1)




=a, +aX+aX +a X +...

:a0<1+ﬁx2+ﬁ.&x4+ ...... }+a1{x+%x3+ﬁ.ﬁx5+ ...... }
aO a2 aO al a3 al

it e, )

+a1{x—(€_1£(f+2)x3+(g_l)(€_3)5(f+2)(€+4)x5+ ........ o

| Where@,and &, are arbitrary constants.

When ¢ =n where n Is an integer, either one or the other

of these two series terminates
e./ z,(x)or Z,(x)




If »=2 then all terms In
Zl( ) beyond X are zero.
Slmllarly if g 3 all terms in Z,(x) beyond X3 are zero

The resulting polynomials in x denoted bypn(X) are called
legendre polynomials( @..and @, being chosen so that
each polynomial has the value unity whenX =1)

| the firstfew of these polynomials are:




Non-terminating series is of no interest here.

pz(x):
p3(X)




A straight forward rewriting by means of factorials enable
us to express the solution (1) in the form




If £=0,2,4,...... the first series becomes a polynomial

We shall introduce the new summation index

14 ; \ :
r = . k and write this solution as

2
4
R
(2) Vs (25 Al (sl
) Z( (£—r)rt (¢—2r)
{ If on the other hand ¢=13p5,...... It IS the second series

concerns us.




In this series we define :[@T_l)}—k and obtain the

solutlon

2
(H).

R e (2¢-2r) x“*

R ) Z() f—r)r! (¢—2r)

It IS now clear that for any nonnegative mtegerg even or

{ odd, the polynomlal 2€ 2r) w20

P =k 2 e an

K, (arbltrary)

1s a solution of legendre’s equation.
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—2tﬂ+6y=0
dt

0

d°y
dt?

2

Evaluate (1—t2)
(£ +3)¢-2)

Legendre’s equation £ (f <8 1) =6
ok

e/ 42 +0-6=0

.
ol
=
G
X
LL]

Solution:




But the general solutlon IS
y(t) =dg Y, (t) Ty, (t)

Another form of legendre’s equation:

S mnﬁdp-+d€+Dp=O
sing dé dé




Example:
i R L8 a3

Evaluate sind— |+2z=0
sing dé do

Solution: 00 +1)=2
s S g )
(£+2)¢-1)
A

~. p,(cos 8)=cos @
| The general solution is

2(6)=a, cos @ + a,z,(0)

LFrom table

0
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Hermlte Functlons

functions are of interest in quantum mechanics where they
arise as solutions of eigen value problems. We shall also
consider an operator method which can be used as an

alternative to series of some differential equations.
Hermite function:

The differential equation for Hermite function is

yrixAya Onadly S n=0123. 00 5 1)




| This equation can be solved by power series but here we

| shall consider an operator method which is particularly

efficient for this equation.

d
L_et us use the operator D to mean e
Then:
d
(D—X)(D+X)Y=(&—Xj(y’txy)=y"—x2y+y .................... (2)

And similarly

(DL XD —X)y=y -xXy—y T (3)



| Using (2) and (3) respectively we can write (1) in two

ways:
PEALIAT SR (4)OR
DDy —=2Amelly (5)

Now let us operate on (4) with (D + x) and on (5) with
(D - x) and change nto m for later convenience

| (D+x)D-x)J(D+x)y, |=-2m[D+X)yp] o 6)
(D= x)\D+X)(D =~ x)y, [==2m+ YD =Xy, | e (7)




Comparing (4) and (7) if y. =[(D —x)y, ]and

n=m +1 the equation are identical we write

and we see that given a solution ¥n of (1) for one value of

n, namely n = m we can find a solution forn=m+1 by
applying the raising operator (D—x) to Y.
| Similarlyfrom (5) and (6) we find that

S (BRI e (9)




| We may call (D + x) “ lowering operator ’these operators
are called creation and annihilation operators In quantum

l.e. / enable us to go up and down In a set of functions.

Now If n = 0 we find a solution of (4) and therefore of (1)

by requiring (D + x)y, =0 ‘XV
i 2
We solve this equation to get Yo =€
{(D T X)Yo =0
2
dy — X
A -0 IR
i Iny :
1 2
S| —=dy = | — xdx o
J ¥ Ly=e )



These are the Hermite-Functions, they can be written in

the simpler form:




If we multiply (10) by (~1)"e”2 we obtain the Hermite-

polynomials may be called a Rodrigues formula for them

= ol L e
H =(-1) e” CI 3 e 11
- (-aye” I w
We find A
Ho(x):]- Yo = Z ;
H, (x)=2x y, =(-1)2xe 2
. H,(x)=4x? -2 y, =—(ax? 2} Z
Where




The Hermite polynomials satisfy the differential equation

y 2)@/ +2ny O

Example
Solve the differential equation YY" — 2xy’ + 20y =0

Solution: le
& o 10 2 vy
n=10 S H = 1) e i g™

Using the differential equation, we can prove that the

Hermite polynomials are orthogonal on (-, ) with

2
respect to the weight functione™" the normalization




integral can be evaluated thus we have

S % 0 nN#m
je H (x) H_(x) dx_<\\/;2nn! S

The generating function for the Hermite polynomials is

2xh—h? & h"
p(x,h)=e" :ZOHn(X)ﬁ

The generating function can be used to drive recursion
relations for the Hermite polynomials two useful relations

|7 @) Hi()=2nH,,(x
b) Hn+1(x):2an(X] S5 Zan_l
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Laguerre Polynomials

The Iaguerre polynomlals may be deflned by a Rodrlgues
formula:

1 d"
L (x)=—¢" A B I 1
(=" S fxre) @
Carrying out the differentiation using Leibniz Rule we

find

m!




The symbol (”j is a binomial coefficient

e (.:"]7”.—?'!‘){“

From (2) we find that

Lo(x):]- s
L, (x)=1-x

X2
Lz(x):1—2x+——2—

| The Laguerre polynomials are solutions of the
" /
differential equation: XY T (1— X)y +ny=0

le./ y=L, (x)

called Laguerre Equation.



Using the differential equation we can prove that

the laguerre polynomials are orthogonal on (O, oo) with

respect to the weight function e ™* .In fact we find that

with definition (1) the functions e—% B (X) are an
n

orthonormal set on (0, oo)

= 0 n=zk
IR S b N B BT s = S RO TR SR 3
[ L) ax=y 7 3)
| The generating function for the Laguerre polynomials is:

0 V 1-h e
#(x,h)= =k kT (4)

Y n=0




Using it, we can derive recursion relations
Some examples are:

(8) Lpa(¥)-Ly(x)+ L, (x)=0

(b) (n+1)L,.,(x)=(2n+1-x)L,(x)+nL, ,(x)=0
) XL (x) -, (x) + L, 4 (=0
Derivatives of the Laguerre polynomials are called

associated Laguerre polynomials they may be found by

differentiating (1),(2) or *.




| We define: dk
L5 (0= (1) = L (9
Assouated Laguerre polynomlals

By differentiating the Laguerre equation we find the

differential equation satisfied by the polynomiaIsLl; (X) IS
Xy" +(k +—x)y’ + ny =0

k
y =Ly (x)
The polynomials LX ( )may be found from the Rodrigues

x “eX d" "
formula Lk( ) (Xn+ke x)
n  dx"
Note in this form K does not have to be an integer.




Xy +(1— x)y’ +ny=0

Usmg the series solutlon (Froblnous)

y:ZanX and so on.

Solve the differential equation

xy" +(1—x)y’' +2y=0
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sin X CoS X =%[sin(x +y)+sin(x—y)]

COSX COSYy= E [cos(x + y)+ COS(X ~ Y)]

sm X sin y = —[cos(x y) cos(X + Y)]

Fourler series or (orthogonal functlon)

F(x)= % a, + Z {a, cosnx+b_sinnx}| ... (1)

n=1

Whered,, a, and p_ are constants.
a<X<a+2r (-7 <x<n)

| First we show the orthagonality property:

a+27 a+2r

J' cosnx cosmx dx= 5 j {cos(m + n)x + cos(m — n)x jdx.

(04




1[sin(m+n)x sin(m-n)x|"""
= + =0
2| (m+n) (m-n) |
mOT nteger-. SmEA L e
Whenm=n
a+27r a+2rx
j coshx cosmx dx= % f {cos(2n)x + 1}dx
G, - qa+2x 05
:1 S|n2nx+x =E[a+27z—a]:7z
SR e

Now replacing ¢cos bysin

a+2r a+2rw
Isin nx sinmx dx= 5 f{cos(m —n)x — cos(m + n)xjdx

(04 (04




_1fsin(m-n)x sin(m+ nx |7 & L
2| (m-n) (m+n) |

V\ﬁ]éﬁ_n_] _:_n S S R T N A ST R (S N
Mf;in nx sinmx dx= %a;[zi(zl—cos 2nx )dx = %[x s sinzinx}:”” S

If we take a mixture of sjn Andcos :

a+2rx a+2r

jsin nx cosmx dx :% j{sin(m +n)X + sin(m — n)xjdx
_ 1| —cos(m+n)x cos(m—n)x L A
2| (m+n) (m—n) |

a+27
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: SR 0 m=n
Summary: (1) jcos nx cosmx dx= {
7 m=n

a+27r | : O m in
jsm nx sinmx dx=
T m=n
o
05+27r- O m=n
jsm nXx cosmx dx=
3 m=n
0H-27Z' 1
cosnx dx==[sinnx|*"*" =0
n
a+27z 1
jsm nx dx==|-cosnx["™" =0

n

a+2r

IdX:Zﬂ




Calculation of coefficientsa,,a, and b,

a+2r

a

[F(x) dx_—a QTZIX+Z{ Mfﬂcosnx dx+bna+fginnx dx

%a 272+Za 0+b. 0
a+2ﬂ
T A, = J'F(x) dx. *
a+2r 1 a+27

jcosmx F(x) dx:EaO jcosmx dx

¥,
a+2rr a+2r

18, jcosmx cosnx dx-+b, jcosmx sinnx  dx

.

|

N

e




a+2r

[F(x) cosmx dx=a,r |

SRSt e
IF(X) sin mx dx:%aO jsin mx dx

s a+2rx a+2r
+Z a, _[cosnx sinmx-- dx + b, _"sinnx sinmx  dx

n:]. 104 104

a+27

_[F(x) sinmx dx=b_x |




or the expanssion of F(x): equ(l) the parameters are

a+2x

A = jcosnx JF(x) dx *

a+27w

Zoo by jsinnx F(x) dx +*



This can be applied to discontinuous functions with the
Bl
condition that F( )— !SILn > {F(XO 3k 5)+ F(x0 = 5)}

Example
F(X)z COs px  Pisnotan integer
_ —TSXST
Solution: . i \
= jcos px dx= il SO T Pz
v S S e &

(sin pr = 0) since pis not integer.




AN R j'cos px cosnx dx= - j{cos(p +n)x + cos(p — n)xjdx

:1{sm(p+n) sin(p — n)x T _sm(p+n) +S|n(p n)z
21 DR D SRS NP p—n

sin(p£n)zr=sin pz cosnz+cos pzr sinnz=(-1)"sin pr.

i an:(—l)”sin pﬂ{ SR }

p+n p-n

_|_

|7 b, = jcos pxX  sin nx dx—%j sin(n + p)x +sin(n — p)x}dx

—7T

_|_

1 {COS(n + p)X

(n—p)

2
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Yauy 1
jx COS NX dx=—smnx+—2cosnx n<0

N n
:1 2 N :O
PR R s N G R R e S S R ey
: = i BERS
jx SIN NX dx=—cosnx+—23|nnx n=0
n n
For the range — 7 <x<r, a=-r .

T a, =[%X2} =0

XA 1 A
7 a,=|=sinnx+—cosnx| =0
n n S

— X R
AN & N —— COS NX + —-sIn X

" —2zcosnz
n n 2

n
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Example: F(x)=0 0< X<

. = T<XL<21
=10} Lol R s S R I T i s

T aO:TF(X) dX=7szX:7z2

0

27
7T r_. :
T an:njcosnx dx ==[sin 2nz —sinnz]=0
] n
T

27

7 b, =7zjsin nx dx=%[0032n7z—cosnﬂ]:%[l—(—l)”]

o0

CF)=Z -S| (1) Jsinmnx

ANadn § e
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Condition for Fourier Expanssions for F(x)

1)F(x )must be smgle valued except at a f|n|te number of

dlscontlnumes.
2) F(x)is periodic out side (&, & + 27) with period 277

dF(x _ : :
3) F(x) and e section ally continuous in
X
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These are called Dirichlet Conditions.




Derivatives of Fourier series:

Esamples R e e
% n-1
x:ZZ(_ln) sin nx (-7 <x<7)
n=1
Then o (1)1
1:22( Y N  coSs nx
n=1 n

22 (~1)" " cosnx =1
n=1

1=2> (-1)"




Which doesn’t make sense.

Given f(x)=7,8,+) {a, cosnx+b, sinnxj




a+2r

=[f(x) cosnx]"™" +n jf(x) sinnx  dx

a+2r

= f(a +27)cosn(a +27)— f(a) cosna+n _[f(x) sinnx  dx

7 a, =cosnalf(a+27)- f(a)+nb 7

a+2m

o _[f’(x) sinnx  dx




a+2r

:[f(a+27z)—f(a)]sinna—n jf(x) cosnx dx

7 a, =cosnalf(a+27)- f(a)+nb, 7

a+2r

2 b jf’(x) sinnx  dx

a+2r

=[f(a+27z)—f(a)]sinna—n If(x) cosnx dx

7 b =[f(a+27)- f(a)sinnag—na, z




We check that work by applying it to:

i n-1
XZZZ(_]I:l) sin nx (-z<x<7x)
n=1 AN IV SRS MR I R N I Y SN A V)
2 n-1
a, =0 a, =0 b”:H(_l)

wrx a\=la+2r-7zl=2x

7 al =cosnz|2x]+ nn%(— (O

7 b =sinnzf2z]-0=0



Fourler Series Expanssions of even or odd

Functlons |n TSXST1

Even functlon f( )= (X)
Odd function f (- x)=—f(x)

o0

f(x)==a,+ > {a, cosnx+b, sinnx}
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Example:

Find the Fourier series

Solution:
The function Is even

~b =0

0
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Example:

f(X):<_COSX — T < XL T

Solution: fla+2r)=t(a)
The function is odd even though cosis even.
==l

bnzgjf(x) sinnx  dx
72-0

27Z'
:—jcosx sinnx dx
72-0
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Fourier’s Expanssions in Range0<X=<7

These are of the alternative types

f(x)=%a0+ ian COS NX
OR: b

f(x)= ibn Sin nx
Out side n(:(l) 7;)

{ Cosine series must be eveninrange —z<x<rx
Sine series must be odd Inrange—z < x<r




Example:

f (X) = Xexpanded as cosine series
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:—+ZZ; nl [ —1]cos nx

Example

f (X) = Xexpanded as sine series inrange 0 < x <
/S 6 =2J'x sinnx dx

/4
— X % A
S R G o NX + —-sIn NX
n n :

==l
e Zi% [1— (1) ]sin nx
n=1
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Odd
Function




Example: b= 4

Periodic square wave

R
0 _2<x<-1
f(x)=1k ~1<x<1
p l<x<?2
Solution:

The function Is even symmetry about they-axis.
.ML/Bn:O

LA _Z[F(x) dx = _szdx=2_2[kdx

=P
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Partial Differential Equations

Introductlon

Any equation contalnlng partlal dlfferentlal
coefficients Is called a partial differential equation. The

order of the equation belng equal to the order of the

highest partial differential coefflc:lent occurring in it.




| Where f (x y) IS an arbitrary function are typical partial

fifferential equations of the 1st and 2nd orders respectively

xand ybelng mdependent variables and & the function to
be found, and both are linear.

A typical non-linear equation in two independent

G
U—+ =
OX’ 8y

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
I
|
|
:
| variables Is
|
|
|
|
|
|
|
|
|
|
|



The general solution of an ordinary differential equation
contains arbitrary constants. The general solution of a

partlal dlfferentlal equatlon however usually contalns

arbitrary functions.

Letusconsider u=y f(x). .. (1)

Where f (x) IS an arbitrary function of xthen

%“: i (2)

| Eliminating f (X) we obtain 15t order P.D.E.




" Any function v of the type given by (1) is a solution
of (3)

Slmllarly |fu N f(X-I— y)+ g(X y) H

Where f (x + y), g(x = y) are arbitrary functions of
X+ y and X — Y respectively then

%:f'(“y)w'(x—y) ............ (4)
TUSeymaod) (5)

OX?




S DGR Y g e e R S 6
) (x+y)-9g'(x-y) (6)
82
ay—l: —fAXFY)+gTX=Y) (7)
Hence from equ (5) and (7)

gu gu @)

8x2 8y2 .............

| The function ¢ defined In * therefore satisfies (8).



econd Order Constant Coefficient Equations

Any equation of the type

——2 ———l———2 — —-n —2——l——— -——f-——-—--——-———--—— - —
R T ba— Al e 296—+cu=0 .......... (9)
Ox’ X0y oy’ OX oy

Where 4,/h,b,f,g and c are constants, Is a linear 2nd order

constant coefficient P.D.E. in two variables( xand J) by

comparison with the equation of the general conic

ax? +2hxy +by? + 2fx +2gy+¢c=0 .o, (10)

We say that (9) iIs of



Elliptic ) (ab—h2 >0
parabolic ;type wheniab—-h*=0
hyperbollc ab — 1 < O

gRo) Lap lace’s equatlon in two Varlables
o°u - o°u g
; =0
OX ay
May be obtained from (9) by putting
a=lyipetish=agse=0

~.ab—h* >0 is of elliptic type.
Similarly,
0°u . o°u

aXZ ayZ

=0




(Where kis a real constant) may obtained from (9) by

putting g =1 b=-k?. h=f=g=c=0

the equation is of hyperbolic type.

However the equation

2
S PR

OX° oy




is of parabolic type sincea=1 h=b=0
g——}/k f=c=0, and ab- h2_0

Euler S Equatlon

o°u o°u o°u
jion a— +2h + b— B 11
The equation o xoy oy ( )

Where g,/1and b are constants. Is a special case of (9)
(f === O) known as Euler’s equation.

| The general solution of this equation obtained as follows:

Let €= PX+(Qy
7 =rX+Sy




Where p,g,r and s arearbitrary constants, then

ou ou @g ouon 'p"au"’ ou
OX e OX an X % B Then
ou ou 85 ou on ou ol

8y  O¢ oy 677 oy q@e‘ on

o‘u 0 (zmj 0 0 ou ou
e — R ey | e
OX°~  OX\ OX oc  0n oc  0n

2 82 azu 2 @ZU
=P —+2pr B
0&” ogon on







-+ Substituting in equ(11) we get

(ap +bq +2hpq)—+2{apr+bsq+h(rq+sp)} :
2
+(ar2+bsz+2hrs)a SR (12)

on’
e now choose P=r =1 and gand s are the two roots
X, and X, of the equation

a+2hX +bX? =0
| -.(12)  becomes
0°u
SEhiX L XX X =0
o&on




x1+x2=_T2h
et .——a—-——— LR S e e e R TR e D R A e e T S
X, X, ==
Leen b
ie./] 2 0°u
Z(ab-h?)= e 13
e (13)

Provided (11) is not parabolic in the sense that

2
u
ab — h? =0 then (13) gives ;6 =0
&
By integration the general solution L

U= F(5)+ G(n)

Where Fand G are arbitrary functions.




Since e=x+ X,y¥, n=X+X,Y the general solution

Tl = F(x+ le)+ G(x+ Xzy)
(Prowded (11) is not of parabollc type)

Finally the nature of the roots X, and X, dependson

whether the equ(11) is of hyperbolic or elliptic type for
hen ab —h? <O(hyperbolic) X, and X, are real.
IWhen gp — h2 >0 (Elliptic) X, and X,are complex.
When (11) is of parabolic type (ab S O) then the
general solution obtained from (12) by putting p =1

=




(a+bq2 +2hq)—g+2{ar+bsq+h(rq+s)} S8
E ogon
2
+(ar? +bs? + 2hrs)§ S (14)
7

If g1s now chosen to be the root of
a+bg? +2hg=0
| Since ab —h? =0 then g st (twice).

b
Hence

ar+bsq+h(rq+s):(ab—h2)%=O




By dlrect mtegratlon the general solutlon of (15)

b= F(5)+ 77(3(5)

Since L

p=l g=— (=X sa)
We have
' E=X+ XY

n=Trx+sy



The solution Is therefore

U = F(x+ Xy) (rx+ sy)G(x+ Xy)

Which Is:the general solution of (11) when
ab—h?=0







